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7. Qubitization: Quantum 
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Overview

• LCU
❖ Taylor expansion   Linear combination of unitary (Paulis)
❖SELECT: Selects the Pauli in the Taylor expansion
❖PREPARE: Encodes coefficients in the Taylor expansion

• Qubitization is an upgraded version of LCU, but it is more flexible and efficient.
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High-level overview of Qubitization

Hamiltonian ( )H

SELECT( )H

PREPARE( )H

❖SELECT: Selects the Pauli of the Hamiltonian.
❖PREPARE: Encodes coefficients of the Hamiltonian.
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Why Qubitization?

• The best state-of-the-art quantum algorithms for quantum chemistry is based on 
qubitization, in one form or another.

• Improvements are made in more efficient constructions of SELECT and PREPARE, 
but the framework of qubitization lives on.

• If you view SELECT and PREPARE as black boxes, qubitization is optimal, and 
even the constants are reasonable.

Hamiltonian ( )H
SELECT( )H
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Why Qubitization?

• From Lee et al., PRX Quantum 2, 030305 (2021).



Why Qubitization?

• Qubitization is also flexible. While Hamiltonian simulation is one of its most 
important applications, it can also do other things.

• For instance, you can apply   . This may seem very obscure, but this is 
actually a very useful thing to do. (We’ll talk about that next week.)
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Quantum Signal Processing

• The precursor to qubitization is Quantum Signal Processing (QSP) [Low, Yoder, and 
Chuang (2016), Low and Chuang (2016)]

• Physical model: Always-on magnetic field in one direction + instantaneous pulses
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Quantum Signal Processing

• The precursor to qubitization is Quantum Signal Processing (QSP)
• Physical model: Always-on magnetic field in one direction + instantaneous pulses

  

where   and
1. Degrees of P and Q are at most d and d-1, respectively.
2. P, Q has parity d and (d-1) mod 2.

3.  

eiϕ0ZeiθXeiϕ1Z⋯eiθXeiϕdZ = P(a) iQ(a) 1 − a2

iQ*(a) 1 − a2 P*(a)
,

θ = cos−1(a)

|P |2 + (1 − a2) |Q |2 = 1.
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Quantum Signal Processing

• The precursor to qubitization is Quantum Signal Processing (QSP)
• Physical model: Always-on magnetic field in one direction + instantaneous pulses

 

where  .

1. Degrees of P and Q are at most d and d-1, respectively.
2. P, Q has parity d and (d-1) mod 2.

3.  

eiϕ0ZeiθXeiϕ1Z

θ = cos−1(a)

|P |2 + (1 − a2) |Q |2 = 1.
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Quantum Signal Processing

• The precursor to qubitization is Quantum Signal Processing (QSP)
• Physical model: Always-on magnetic field in one direction + instantaneous pulses

 

where  .

1. Degrees of P and Q are at most d and d-1, respectively.
2. P, Q has parity d and (d-1) mod 2.

3.  

eiϕ0ZeiθXeiϕ1ZeiθXeiϕ2Z

θ = cos−1(a)

|P |2 + (1 − a2) |Q |2 = 1.

4592P Pier it

face Eid aka.jo frr
ctayaQ Katar

p degree ever
odd

odd

Q o even

fend.tt
iftar e p I odd

iaea a é ta Q o even



Recursion

  

where   and
1. Degrees of P and Q are at most d and d-1, respectively.
2. P, Q has parity d and (d-1) mod 2.

3.  

eiϕ0ZeiθXeiϕ1Z⋯eiθXeiϕdZ = P(a) iQ(a) 1 − a2

iQ*(a) 1 − a2 P*(a)
,

θ = cos−1(a)

|P |2 + (1 − a2) |Q |2 = 1.
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A remarkable fact: Converse is true!

• For any 

 

where   and
1. Degrees of P and Q are at most d and d-1, respectively.
2. P, Q has parity d and (d-1) mod 2.

3.  

There is a set of angles   such that   .

P(a) iQ(a) 1 − a2

iQ*(a) 1 − a2 P*(a)
,

θ = cos−1(a)

|P |2 + (1 − a2) |Q |2 = 1.

ϕ0, …ϕd eiϕ0ZeiθXeiϕ1Z⋯eiθXeiϕdZ = P(a) iQ(a) 1 − a2

iQ*(a) 1 − a2 P*(a)0



An analogy

 Z(ϕ0)  X(θ)  Z(ϕ1)  X(θ)  Z(ϕ2)  X(θ)  Z(ϕ3)

 Z(ϕ0)  U(H)  Z(ϕ1)  U(H)  Z(ϕ2)  U(H)  Z(ϕ3)
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Recap

• Quantum Signal Processing: A flexible framework to synthesize an arbitrary element 
of   by an always-on magnetic field and a sequence of variable “pulses.”

• This is just about a qubit, but the lesson extends more generally. Let’s talk about 
that in the next lecture.
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